Abstract. Two¯ights of the UK Meteorological Oce's Hercules aircraft through daytime frontal cirrus around Scotland have been analysed using wavelet analysis on the vertical velocity time-series from the horizontal runs. It is shown that wavelet analysis is a useful tool for analysing the turbulence data in cirrus clouds. It ®nds the largest scales involved in producing turbulence, as does Fourier analysis, such as the 2-km spectral peaks corresponding to convective activity during¯ight A283. Wavelet spectra have the added advantage that the position is shown, and so they identify smaller-scale, highly localised processes such as the production of turbulent kinetic energy by the breaking of KelvinHelmholtz waves due to the vertical shear in the horizontal wind. These may be lost in Fourier spectra obtained for long time-series, though they contribute something to the average spectral density at the appropriate scale. The main disadvantage of this technique is that only octave frequency bands are resolved.
Introduction
Cirrus clouds which form in the upper troposphere are composed mainly of ice and can cover extensive areas. It is necessary to understand better the dynamics of these clouds in order to improve their representation in general circulation models because of the important role they play in the earth's radiation budget. Smallscale turbulence has an important in¯uence on the cloud structure and therefore on the spatial distribution of the optical properties.
In the upper troposphere the thermal strati®cation is stable, and therefore consumes turbulent kinetic energy (TKE). The sources of turbulence are instabilities associated with gravitational waves and the vertical shear of the horizontal wind, which are neither continuous in time nor spatially homogeneous. Turbulence in the free atmosphere thus occurs intermittently. In the presence of clouds, however, turbulence is also generated by the release of latent heat and radiation eects.
It has been shown by previous observational studies of cirrus clouds, such as those by Dmitriev et al. (1984) , Quante and Brown (1992) and Smith and Jonas (1997) , which will subsequently be referred to as SJ, that the occurence of turbulence is intermittent or patchy and that the velocity ®eld is anisotropic, leading to a twodimensional character of the¯ow. In general, turbulence is weak, except for patches where, for example, there is a strong wind shear or convective activity. Even then, the turbulent kinetic energies observed are much smaller than those found in boundary-layer clouds. Furthermore, frontal cirrus tends to be less energetic than jet stream cirrus.
Fourier analysis has been used in the past for the analysis of signals for their frequency content. It can be viewed as a rotation in function space from the time (or space) domain to the frequency domain, which contains sines and cosines as basis functions. These basis functions are localised in frequency only. The disadvantage of Fourier spectra is that the Fourier modes are in®nite in physical space and therefore information on the position of local events is lost. This makes the spectra dicult to interprete for data sets which contain dierent local processes. A local oscillation will contribute to the average Fourier transform, but its location will be lost, as will its amplitude.
Wavelet analysis is a relatively new technique for analysing data into its frequency components which, despite some similarities, holds several advantages over the more traditional Fourier analysis. Both wavelet analysis and Fourier analysis are linear operations which can be viewed as a rotation in function space. In the case of the wavelet transform, however, the frequency domain contains basis functions called wavelets. Wavelets are a set of self-similar functions which are localised in frequency and in space, and so their dilations and translations provide simultaneous resolution in scale and position. It is thus possible to isolate local events which produce TKE.
Wavelet bases also have the desirable quality of eectively providing a varying window size: low-frequency wavelets are long and high-frequency wavelets are short, enabling us in theory to isolate very small events and large events easily.
There are in®nitely many possible sets of wavelets. The various sets have dierent trade-os between how compactly they are localised in space and how smooth they are. The simplest is the Haar basis (see Meneveau, 1991) which is very well localised in physical space. It is desirable to use wavelets which are smoother and have better locality in Fourier space to enable us to identify the dominant frequencies. Such functions have been discovered relatively recently. Daubechies (1988) derived wavelets which satisfy these requirements and are orthonormal to their own translates and dilations. Daubechies wavelets have a fractal structure, and they include both highly localised wavelets and highly smooth wavelets. The simplest and most localised are those with four coecients.
The aim of the current research is to investigate the use of wavelet analysis to analyse turbulence data obtained within frontal cirrus clouds. Time-series of the vertical velocities measured in cirrus clouds during straight and level horizontal runs from two¯ights of the Hercules aircraft (UK Meteorological Oce) will be analysed. In Sect. 2 we will describe the analysis procedures used, Sect. 3 will describe the details of the observations made, and Sect. 4 will discuss the results. Section 5 contains the conclusions.
Data analysis

Calculation of power spectra
The power spectra of the vertical velocity (w) variations from horizontal runs of the Hercules were calculated for sections of 256 s long and contained 8192 data points at the sample frequency of 32 Hz (a length of almost 40 km). The method used is the same as that described in SJ, but a brief description will be given here. The best®t straight line was removed from the initial time-series, as mean vertical velocities are unreliable. Then 10% of the data was tapered at both ends using the split cosine bell, to reduce leakage to neighbouring frequency bins. The NAG Fortran Library routine G13CBF was utilised to calculate a smoothed sample spectrum using spectral smoothing by the trapezium frequency (Daniell) window.
Any frequency f in Hz corresponds to a scale k given by k af , where is the wind speed relative to the aircraft (true air speed, or TAS). The air speed varies with height from 100 m s À1 at low levels to 145 m s À1 at the highest levels.
As stated in SJ, care has to be taken when analysing these vertical velocity power spectra due to the lowenergy densities encountered at such high levels. Quante et al. (1995) observed that all of the w spectra in weak turbulence segments inspected from the Hercules data appeared to be aected by red noise at frequencies higher than about 0.1 Hz, the origin of which was unknown. No corrections were made to the data to eliminate the noise, but it was kept in mind during the spectral analysis. It was shown in SJ that the spectra observed in these cases were not aected by this red noise.
Wavelet transform
The reader is referred to the literature for a detailed description of the wavelet transform, for example Daubechies (1988) , Meneveau (1991) , Press et al. (1992) and Newland (1993) , but a brief description will be given here. The goal of the wavelet transform is to decompose a signal f x into its frequency components at dierent positions. It is convenient to limit the range of x to the unit interval, so that f x is assumed to be de®ned only in the interval 0 x 1. Thus x is a nondimensional variable. If the signal has a duration in time t of , then x ta . This signal is assumed to be one cycle of a periodic function, and wavelets are wrapped around this interval if they extend beyond its limits.
We use the discrete wavelet transform (DWT) to decompose a signal which has been sampled at equally spaced intervals. In this case, the signal is the vertical velocity which has a sampling frequency of 32 Hz. The number of datapoints is given as x 2 n , where n is an integer. The time-series are ®rst detrended as for the Fourier analysis in SJ.
To avoid problems with the non-periodic boundaries of data segments, a¯at-topped window was applied to the time-series, as described by Meneveau (1991) . To analyse a signal of length x , an additional x a2 datapoints from the original data set are added onto each end, forming a signal of length w 2x . (So instead of reading in a time-series of length x , a series of length 2x is read into the program). The discrete window used is zi:
The signal is multiplied by zi, and the discrete wavelet transform is performed on all of these w points, but only the points corresponding to the original time-series are included in the subsequent analysis (this is the¯at part of the window). The windowing technique therefore does not aect the part of the time-series of interest. The family of functions, W jYk , used to decompose the signal, is generated from the``mother wavelet'' W by dilations and translations described by
where j and k are integers. The integer j is the variable scale index and k is the variable position index. The dilations are discrete and are spaced in octaves, and the translations depend on the scale. Therefore at smaller scales the spatial resolution increases but the resolution in Fourier space decreases, due to the uncertainty principle. However, the separation in frequency compared to the actual frequency remains the same. These are orthogonal Daubechies wavelets (Daubechies, 1988) . Figure 1 demonstrates what Daubechies wavelets with 20 coecients look like. Two dierent scales are shown, with the smaller-scale wavelet displaced relative to the other. (The mother wavelet is just the same, but is wider and has a smaller amplitude). This demonstrates not only the shape of the wavelet used, but also how the window size varies with the wavelet scale. These wavelets with 20 coecients are smoother and therefore better localised in frequency space than those with fewer coecients. The wavelet coecients e jYk of the signal f x are given by the convolution
where * denotes the complex conjugate. The DWT involves applying the wavelet coecient matrix given in Press et al. (1992) hierarchically to a data array containing equally spaced samples of a function, ®rst to the full data vector of length w in this case, then to the``smoothed'' vector of length wa2 (which has now had some detail taken out) and so on, progressively taking out more and more detail. This is called a pyramidal algorithm. The output from this is an array of the same length w as the input:
which contains the amplitude of each contributing wavelet to the signal. The ®rst coecient 0 corresponds to level j À1 which is constant, 1 corresponds to the single wavelet in level j 0Y 2 and 3 correspond to the two wavelets at level j 1 with the second wavelet displaced 1a2 j in the unit interval relative to the ®rst, and so on to the highest level j n À 1 which corresponds to the smallest scale.
For a signal of length x 2 n , there are n 1 wavelet levels including levels j À1 and 0. As a signal twice this length was actually transformed, the ®rst two levels correspond to the average and to one wavelet over a time-series twice as long as the required time-series. We know that scales larger than 5 km (corresponding to j`5) are unimportant in these data sets from the Fourier analysis carried out in SJ. Therefore only levels j b 3 will be shown. The horizontal scales and frequency bands corresponding to each level are shown in Table 1 and therefore this maps the distribution of the mean square of the function f x between wavelets of dierent level and dierent position, as described by Newland (1993) . This represents the distribution of the total energy over all the scales and positions. Each squared wavelet amplitude is located at a position which corresponds to the centre of the corresponding wavelet.
Wavelet energy spectra are calculated from the DWT by averaging the squared wavelet amplitudes over all positions at each scale, and normalizing by the number of data points in the original time-series. The standard deviations of the individual values about the mean energy is also calculated.
Observations
Observations were made in relatively thick cirrus during the daytime using the instrumented Hercules aircraft of Nicholls (1978) and Slingo et al. (1982) , among others. The air velocities relative to the aircraft were found from the pitot-static system and the freely rotating wind vanes, at a frequency of 32 Hz. The inertial navigation system (INS) was used to transform these into the stationary-earth-based coordinate system.
Flight A283
Flight A283 took place between 09:05 and 16:40 on 24 September 1993. A waving cold front, associated with a low-pressure system north of Iceland, was moving slowly from west to east across the British Isles. Surface winds were roughly south-westerly during the period.
The¯ight was carried out in the leading edge of a thick sloping sheet of cirrus in the region of Wick in Scotland. There was thick cirrus in the west of the operating region and the leading cirrus edge was to the east of the region. For the most part, there was no signi®cant mid-level cloud (although there was some mid-level cloud in the west of the region). The main cirrus layer was between 6.4 and 10.4 km, although there were some patches of cirrus extending even above 11 km in places. The heights of cloud base and cloud top varied along a line from west to east, but the cirrus deck was between 3 and 4 km deep. The very top of the cirrus was unattainable by the aircraft.
Two ®xed ground positions A and B were selected, orientated west to east, with B just east of the leading edge of the cirrus. The aircraft performed straight and level runs at several heights between A and B, travelling at its optimum air speed of between 120 and 145 m s À1 (depending on height). The lengths of these horizontal runs were typically 100 km. Pro®les were carried out before (ascent) and after (descent) the horizontal runs.
Only the ®rst nine horizontal runs and the ®rst six pro®les are used in the subsequent data analysis (before 14:00 GMT), as the INS data was erroneous in the second half of the¯ight, resulting in unreliable vertical velocity data. Figure 2a shows pro®les of 2D-C ice water content ( s ), equivalent potential temperature h e and the horizontal wind components u (eastward) and v (northward) at the start of the¯ight. The level at which each level run was¯own is indicated on the right-axis by lines labelled by the run numbers. The ice water content in the diagram goes down to zero at the top of the pro®le sooner than expected because the aircraft¯ew out of the east edge of the cirrus before reaching cloud top.
Flight A290
Flight A290 took place between 09:30 and 16:40 on 9 October 1993. A low-pressure system was situated over south-west England. An occluded frontal system associated with this was present to the north-west of Scotland, giving rise to a large amount of cirrus and mixed phase clouds.
The¯ight was carried out in a thick cirrus layer lying to the north of Scotland. Initially, cirrus cloud-base height was 6.2 km and cloud-top height was 9.2 km, with some lower-level cloud. However, the cloud deepened and by the end of the¯ight the base was at a height of 3.5 km. It seemed to have merged with the lower-level cloud. Therefore, on average, the depth of the main cirrus layer was approximately 4 km. The main cirrus layer appeared horizontally uniform through most of the¯ight.
A pro®le ascent was¯own at the start of the¯ight from 50 m up to 9000 m, but there was still thin cirrus above this level. Straight and level runs were then carried out at a number of levels within and below the cloud. These runs were not always¯own directly above each other, but the general direction of the runs was west to east. A ®nal pro®le descent was carried out from 10 000 m (above the cirrus) to 50 m. Figure 2b shows the variation of s , h e , u and v with height for the ®rst pro®le of¯ight A290. There are discontinuities in some of the pro®les because a shorter, higher pro®le is shown above the main pro®le. The level at which each level run was¯own is indicated on the right-axis by lines labelled by the run numbers. The cirrus is above 6300 m, with thicker cirrus above 7100 m. Figure 3a shows a section of the vertical velocity timeseries taken from run 1 (at a height of 8.9 km), of length x 8192 2 13 (36 km). Only the section corresponding to the¯at part of the data window is shown. Figure 3b shows the logarithm (to base 10) of the squared wavelet amplitudes for that time-series, and Fig.  3c shows the squared wavelet amplitudes normalised at every scale so that the maximum at each scale is 1. These are shown as grey-scale images, with the largest wavelet amplitudes shown in white. Distance along the¯ight leg is shown along the x-axis. The left-hand y-axis is labelled by level number j from 3 to 13. Each of these levels corresponds to an octave band of frequencies shown on the right-hand y-axis, from 0.0078 Hz to the Nyquist frequency 16 Hz (corresponding to scales between 18.6 km and 9 m, using a TAS of 144 m s À1 ). Table 1 gives the corresponding scales.
Results of wavelet analysis
Flight A283
From Fig. 3b , local peaks occur at around j 6, corresponding to scales between 2.3 and 1.16 km. There are also secondary peaks at smaller scales to around j=8, corresponding to scales between 560 and 280 m. Much is also happening at smaller scales, with many small-scale local peaks.
From Fig. 3c we can see how the maxima at each scale vary in position. It can be seen that the maxima at the largest scales do not necessarily correspond in position with these at the smaller scales. This indicates that there are indeed processes other than those at the largest scales which produce TKE. Energy is seen to be handed down from the scales at which shear produces TKE to the smallest scales by the line of maxima in the lower left-hand side of the wavelet transform.
A second, slightly less turbulent region was also analysed for this height, and the maximum of the wavelet amplitudes was less in this case, as should be expected. As the results are otherwise similar to the ®rst section, they are not shown. Figure 4 shows a section of the vertical velocity timeseries from a run lower in the cloud (run 6), at 7.6 km, with the corresponding mean-square map displaying the logarithm of the squared wavelet amplitudes. Largescale peaks at j 3 correspond to wave-like features in the vertical velocity after the ®rst part of the time-series. The more turbulent regions are associated with peaks at levels j 5 and 6, and have higher wavelet amplitudes at small scales.
Flight A290
A second¯ight was also analysed,¯ight A290. The cirrus observed on this day was more homogeneous in the horizontal as seen in the 2D-C ice water contents (see SJ). In our previous paper it was noted that the spectral densities for the vertical velocities were much lower than the horizontal velocity spectral densities, indicating that the turbulence was mostly two-dimensional in this case. They were also lower than the vertical velocity spectral densities from¯ight A283. Figure 5a shows a section of the vertical velocity time-series taken from run 3 (at a height of 8.2 km) in , equivalent potential temperature (K), the eastward wind component u and the northward wind component v (m s À1 ) with height at the beginning of the¯ight are shown. The height at which each run was¯own is marked on the right-hand axis of the last pro®le. b Conditions encountered during¯ight A290. The discontinuity at 8.5 km in the pro®les is due to combining the main pro®le with a shorter one at higher levels. The height at which each run was¯own is marked on the right-hand axis of the last pro®le Fig. 3 . a Vertical velocity time-series from part of run 1 of¯ight A283 (104140±104555), which contains 8192 datapoints.b The wavelet transform using the Daubechies wavelet with 20 coecients of this time-series, displayed as the logarithm (base 10) of the square of the wavelet amplitudes. The x-axis gives the position of the centre of the wavelets of which the amplitudes are shown. The left-hand y-axis gives the level j, which corresponds to discrete octave bands of frequencies, the limits being shown on the right-hand axis in Hz. The true air speed was 144 m s
À1
. c As in b but with the squared wavelet amplitudes normalised at each scale (so that the maximum at each scale is unity) Fig. 4 . As for Fig. 3 but for part of A283 run 6 (122930±123345), which was¯own lower in the cloud the upper part of the main cloud deck, again of length x 8192 2 13 . Part b is the mean-square map showing the logarithm (to base 10) of the squared wavelet amplitudes and part c shows them normalised. This ight was shown by SJ to be much less turbulent than ight A283, and this can be seen in the vertical velocity time-series as compared to the previous cloud-top run, and it is re¯ected in the fact that the maximum wavelet amplitude is much smaller (this is not obvious from the plot shown because the maximum value in each diagram is always shown as white). The ®rst part is the most turbulent, and here the local peaks occur at varying scales, mostly smaller than 2.3 km and extending down to j 9 or 140 m. The ®rst part is obviously the most turbulent at all scales smaller than 2.3 km from Fig. 5c . Figure 6 shows the results for a section of run 1 (9.2 km) in thin cloud above the main cirrus cloud top. Apart from maxima at the largest scales due to wavelike motion, not much is happening.
Comparison between wavelet and Fourier spectra
The entire detrended vertical velocity time-series from run 1 of¯ight A283 was shown in SJ with the Fourier spectra for various 100-s (14-km) regions. The spectral densities obtained from each section varied by at least an order of magnitude. In the spectra from the most turbulent regions, there were pronounced peaks at a scale of 2 km. In one of these sections (D) there appear to be small-scale peaks between 600 and 180 m. These were shown to be real peaks. Figure 7a shows the Fourier spectrum calculated from the data shown in Fig. 3 , which includes the most turbulent sections (C and D) of run 1 from SJ. The peak energy is still observed in the Fourier spectrum at a scale of about 2 km. The four smaller-scale peaks between 600 and 180 m have been smoothed out in comparison to those observed for run 1 section D in SJ, due to the longer time-series used (corresponding to a length of 36 km instead of 14 km). However, there is still a slight peak at around the 400-m scale. So without dividing the time-series into much shorter sections, peaks due to more localised activities in the vertical velocities can be lost. The spectral slope is approximately A5/3 as expected for an inertial subrange in regions of isotropic three-dimensional turbulence.
For comparison, the wavelet spectrum is shown in Fig. 7b . The crosses show the average spectrum plus the standard deviation of the energy values across the timeseries. This average spectrum also shows a general slope of A5/3 and a spectral peak somewhere between 2.3 and 1.16 km. There is also a peak around 400 m. The results from the wavelet analysis therefore agree quite well with the results of the Fourier analysis, especially considering that the resolution in frequency is not as good. The standard deviations are at least of the same order of magnitude as the average energy itself, showing the inhomogeneous nature of the energy ®eld in this cirrus cloud.
It was suggested in SJ that the peaks in the Fourier spectra at scales of around 2 km were due to convective activity created by cloud-top radiative cooling. The resulting cellular structures were observed in the ice water contents. It was also suggested that the small-scale peaks observed at scales of a few hundred metres were due to the TKE produced by shear instabilities. In a layer of the atmosphere with a stable strati®cation and a vertical shear in the horizontal wind, Kelvin-Helmholtz waves form. If the wind shear becomes great enough to overcome the stability of the layer (i.e. the Richardson number falls below its critical value of 0.25), then these waves become unstable and break to produce turbulence. The wavelength which becomes unstable ®rst as the Richardson number falls below 0.25 depends on the depth of the layer, and in this case is around a few hundred metres. Figure 8a shows the Fourier spectrum for the data shown in Fig. 6 for run 1 of¯ight A290. As in SJ, the Fourier spectrum shows a peak at a scale of about 100 m. This has not been averaged out because it appears to be present through most of the time-series. Figure 8b shows the average wavelet spectrum for the same time-series. This also shows a peak at a scale of 100 m, although it is not quite as well de®ned due to the poor frequency resolution. The standard deviations are again of the same order of magnitude of the average energy. Both the average energy and the standard deviation of the energy along the time-series are smaller than for¯ight A283, as this cirrus was less turbulent.
In SJ the vertical velocity power spectra¯attened out at the larger scales, with no obvious peaks. No evidence for signi®cant cellular convection has been found, with fairly homogeneous ice water content time-series and small standard deviations in the temperature data. This behaviour is observed for most of the cirrus cloud. Smaller-scale peaks were sometimes observed at scales of around 100 m corresponding to shear TKE production.
Conclusions
Wavelet analysis has proved to be a useful tool for analysing aircraft data, particularly in the case of cirrus clouds in which the occurence of turbulence is patchy and weak due to the local nature of the TKE production mechanisms. It has been used to identify the scales at which TKE is produced in the cirrus clouds sampled, and the results agree quite well on the whole with the ®ndings in SJ using Fourier techniques.
For¯ight A283 TKE is produced at scales of about 2 km by the convective activity set up by cloud-top radiative cooling as well as latent heat eects. Energy is also produced locally by shear generation or, more precisely, by the breaking of Kelvin-Helmholtz waves in layers for which the shear is great enough to overcome the stable lapse rate. This occurs at smaller scales of around a few hundred metres. For¯ight A290, the production of energy by the Kelvin-Helmholtz instability also occurs but in the absence of convection. Fourier analysis is good for identifying the largerscale peaks due to convective activity or wave-like motions. However, it fails to show smaller-scale peaks due to local events unless the time-series used is short enough so that the local phenomenon takes up a reasonable fraction of the length of the time-series.
Wavelet analysis can also be used to identify processes which produce energy at larger scales, but have the added advantage that smaller-scale localised processes can also be identi®ed along with their position in the time-series. It is useful for picking out localised regions where energy is produced at smaller scales, as it shows the energy contained in short pulses due to the ®nite nature of the basis functions. It could therefore be used in combination with conditional sampling techniques that pick out regions of enhanced shear or convection, for example, to produce an average energy spectrum for just those regions.
The limitation of this technique is the octave frequency representation. The eect of any single frequency is distributed over a range of frequencies. Translating the data set changes the representation of the wavelet transform. However, this gives the advantage that features in the data cannot be over-represented. This was shown for¯ight A290, where the 100-m peak seen in the Fourier spectrum was still seen in the wavelet spectrum but the magnitude was smaller. This was also noted by Gollmer et al. (1995) , who used wavelets.
An alternative is to use a continuous wavelet transform using the Mexican Hat wavelet, for example. This has better frequency resolution but is computationally less ecient. The Daubechies wavelets seem to give sucient results in these cases. Fig. 7 . a Fourier spectrum for the data shown in Fig. 3 (A283 run 1) . The x-axis shows the base-10 logarithm of the frequency (Hz), and the y-axis shows the base-10 logarithm of the spectral density. The numbers at the top of the diagram give the scales at the plot limits. b As for a, but for the average wavelet spectrum. The crosses show the average energy at each scale plus the standard deviation of the energy over the time-series. Note that the axes are slightly dierent, with the x-axis extending down to A3 instead of just A2, and the y-axis up to 3 instead of 2 Fig. 8 . As in Fig. 7 but for the data shown in Fig. 6 (A290 run 1) 
